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Many problems of great practical value can be reduced to one~dimensional singular integral
equations with constant coelficients, on the open curve.

Amongst them we can, for example, find the problem of a plane flow around the arc,
the problem of propagation of a crack in a homogeneous or non-homogeneous elastic plate,
contact problems of the plane theory of elasticity, some problems of rock mechanics e.a.

In each of these cases, the behavior of the unknown function near the ends of the
curve is found to be the characteristic feature of the problem. Orthogonal polynomials the
weight of which is given by the canonical function of the equation, the function determining
the behavior of the solution near the ends, are found convenient to use in the approxi«
mate solutions of each singular equations.

If the coefficients of the equation are constant, then these polynomials are found to
be Jacobi polynomials.

Examples of application of orthogonal polynomials in the solutions of singular integral
equations are given in [1 and 2], while [3] uses the trigonometric form of Chebyshev
polynomials and their analogs.

In the present paper a method of solution of a singular integral equation based on the
properties of Jacobi polynomials, is given. The equation has constant coefficients on the
segment (-1, +1) of the real axis and different, separate conditions at each end of this
segment.

1. We shall begin by quoting some already known (see e.g. [4]) facts concerning the
solution of the characteristic equation
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with constant coefficients a and b and with the right-hand side f (), satisfying Hélder's
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condition {condition H or H (1))

@ —f@I<4]t—z|?* O<p<t) Geel-1+H1) (1.2

We assume that the principal value in Caunchy’s sense of the integral in (1.1) is con~
sidered and, that additional conditions

b0, a*—8 =1, 00 =argla—b<n
are fulfilled.

We shall seek the solution of (1.1) in the class of functions satisfying the condition
H on the interior points and admitting the integrable infinity at the ends of the interval
of integration (in the class H* using the nomenclature of Muskhelishvili [4]). Let us put
a=b= peia, and introduce

Inp
i

i} Inp
s B:A,——n-""‘—‘ (1.3)
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The above conditions define A and % uniquely with one exception (when & = 0, then
» =% = Rea = Re f§ = 0, at the same time Ima = Im P 5= 0). A detailed treatment
of all the possible cases is given in {4]. In the present problem, % = —a—f (index
of equation) can assume the values of —1, 0 and +1. In these cases the solution of (1.1)
is
1
bw (z) S fey

9 (2) =af (z) — —; o T v @ (—1<z< 1) (1.4)

-1
where C is an arbitrary constant when % = 1, and zero otherwise.
A branch of the function
w(z) =1 —2*01+ 2 (—1 <z <) (1.5)
will, for convenience, be defined by the condition w (0) = 1. If % = —4, then we must
supplement (1.4) with the condition

Ufzg u’:g; dr=0 (1.6)

which is also the necessary condition for the solution of (1.1) to exist.
2. We shall use Rodrigues formula [5 and 6]

0@ PP (@)= G T @ —] r=0,4,2,.) (2D

The following relations are also true

1

S P B (g) p, B z)w(z)dz =0 (m == n)

—1
o 2 D(na i )T (B D
T 2n o841 nllin4+a+B-+1)

1
\ (PP @)t 0 (2) dz = B,
—1

In the following o -+ f == — %, * isawholenumberand x > — 1 (although in (2.1)
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we can consider & and 5 to be arbitrary, while in (2.2) we assume that Rea > —1,
Re B > —1).

Let w (2} be an analytic continuation of (1.5) into the complex plane z = x + iy with
8 cut along the real axis, extending from z = -1 to z = +1 so, that w (2) = w (x + i 0).
Using the Rodrigues formula (or simply the formulas for differentiating and integrating
Jacobi polynomials [3]), we shall obtain the asymptotic expansion of this function
o0
w(e) = e TRHP_ OB (o) i gEpy kbR L )
k=1 z
Here and in the following, Pg,f"m (2} = 0, i n <0, From (2.3), we have

(1= w (@) =1 — " (1 ) o= (—)r i 2P B () o (1) (2.4)

It can be shown that

i .

1 ¢ wi() et 1 w () —

?S t_zdt:eina_e..i,—;a}rrgc_zdg zg[—1, +1])
=1

Here, the integration in the right-hand side is performed along an arbitrary contour,
provided it encloses the points ~1 and +1, and leaves the point z outside. Then, from
{2.3), we can obtain

t
1 ¢ w(l) 1 i - —a, -
E3 S T ¥ =gnay 7w —27P_ () (zel—1, 1)
=1
which, together with (2.1) and {2.4) gives, after the n-tuple integration by parts followed

by differentiation, the integral

«-1-.5 (ﬂ B)()

w () dt == —»i__~ [ 'in:apn(a, 8) (2)w(z) — 2~KP$;C;, -B) (2)) (2.5)

n e sin ma

-1
The latter can also be obtained by another method, in whick the Jacobi polynomial and
Jacobi functions of the second kind are given in terms of hypergeometric functions. (2.5)
yields the principal value of the integral
(2.6)

§ P, 8) (t} n-x

1
~ w(t)dt = cotmaP* B () w(z) — g~ PP ) (1< <)

Hence, utilising the relationship between & and 3 (1.3} and the coefficients of (1.1),
we obtain

b Pll(a p)( ) A -y, -
aP,* B (2) g (z) 4 = o 5 T wdi=(—1) trgapl=t. =B) (g)
=1 2.7
1
p = B (z) by PRy ot
W ) e w@ = U PR )

(—1<z<1) (2.8)
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3. We shall continue the investigation of {1.1). Let us introduce another function
(7 {x) and an operator 5, and let both be given by

w(t)
t —

foiy gy f o
@ {e) =wlz)¥ at

(3.1

H

We shall write (1.1) as
s¢ = (3.2)

-.4
[
14

Its selntion will, according to (1.4},

1
N ftz) B f@ at
P* = Rf, Hj:am“u—-;; \ v == (3.3)
-1

At the same ime, the arbitrary constant in (1.4) will, for x = 4, be fixed by the
condition

Y* (2)w(z)dz =0 (3.4
1

o,

If % == —1, then the additional condition (1.6) will have to be fulfilled. Let us now

try to solve the complete singular integral equation
1

Sy +hp=1, q:k:S kz, yw () (t)dt (3.5)
el
The operator § is defined by the formula (3.1); g, b, and f (%) satisfy the previous
(par. 1) conditions; o, 5 and w (%) are given by (1.3) and (1.5), while the kemel k {x, ¢)
satisfies the condition H (u, v)

k(z, ) — kg, 9| <Alz—y ¥+ 4|t —s)” (> Rea, p > Ref) (3.6)

Let us for definiteness, impose the condition (3.4) on the solution i/* of this equation
for » =1 , and

Ug* — =0 3.7

i.e. solvability of (3.3), for » = —1 . Let us also replace the exact equation (3.5) with
another, which we shall consider as approximate and possessing a special type kernel

SY + KY¥ = f + ax (3.8)
L n
Ko=\ K@@ hw@m)pa, Kz =2 NPt () (3.9
—] k=0

Here P(k'“' “A)(z) are the Jacobi polynomials, Ny (1) satisfies the H condition for
—1<< <1 o, isaconstant, o, =a, =0, and @_, is chosen so, as to secure the
existence of the solution of (3.8). Analogously to (3.7), we have

. UK — ) (3.10)

-1 = e By
where hf)'“’ “B) s defined by means of {2.2).

Since the kernel K (x, ¢} is degenerate,
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(3.11)

7

1
Q=3 P05 By, gy \ Ny (tyw(t) W+ (t)at (k==0,1,...,n)
k =0 Y

where /* is the solution of (3.8). With this in mind, let us apply (3.3) to (3.8) and utilise
(2.8) to obtain

n
¥ ()= Rf — (— 1)} 2% D) @ P B ()

(3.12)
F=——x
Ifa_, =0 for x = 1 then the solution (/* is subject to the condition
1
S W (2)w(z) dz =0
]
analogous to (3.4), while for x = —1 , it follows from (3.10), that {3.12) will be a solu~
tion of (3.8) only, if
_ Uf
@.1=3ag ) (3.13)

Let us introduce the notation

1 .
ci,,=(_1)x+x2xg Ny () P B (1) w(t) at (‘~0, ,2,...,n n)

. k+x k=—un, —u+1,...
1
w={ Mowmrime  @=012... 0 (3.14)
~1
Cqg=ba=0 (=%, —x41,...,n)
Substitating (3.12) into (3.11) we obtain the system of equations determining a;,
n
s+ D) epm=bh (i=—%...,n) (3.15)
|
and, forx == —~1{, an additional relation
n
ao=bo — D) Coxlk
k=1

which is indispensable, if &__ is to be computed by means of (3.13).

1
After solving the system (3.15) we can find ¢/* by means of (3.12}, which can be
represented by

¥e—(E+4T) Rf
H n
Tp= S 1@ HwBpmd,  y(z, )=—(—1)"2 xz 2 N3 (1) P9 () (3.16)
b i, E=—x

where E is an identity operator, A is the determinant of (3.15) and A’"- is the algebraic
co-minor of the corresponding element.
It should be noted that if f (x) satisfies the condition (1.2) with u > Re @, and
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it > Re [, then Rf (and consequently ¢y *) will satisfy the H condition. Indeed, let us put
@ =hHh@+%1+ 2050+ 0 - 2f (—1)]
The ratio f; (x)/w (x) satisfies the H condition and is equal to zero at the ends of the
segment [~1, +]. By (2.8), R operating on the second term will result in a polynomial,
and Rf will, by the theorem of Plemel® — Privalov, satisfy the H condition.

In the discussion that follows, we shall assume the above statements to be valid.

4. Let H be a functional space satisfying the condition H (4}, u > Re @, u > Re 8
on the interval [ =1, +1], with the norm

t)y —
”‘I’I|H=max[1p|+5up|‘p]%_;‘:’_“(x_)|_

and let C be a space of continuous functions. We shall assume that
Re[H->C]l, TelC-C), kK& [C- H]
Also let U be a functional defined by (1.6) on the space H. The selution of (3.5) will
be represented by
Y* = £+ T) R + K$* — ky?)
and the difference between the solutions of the exact (3.5) and the approximate (3.8)
equation, will be

P — ¥* = (E+ DR (KY* — kp*)
Finally, let the kernels & (x, ) and K (x, ) be similar in the sense that for any $ = ¢

ey — Kby <nlle (4.1
Then
Jo* — ¥l <M IE+TIIR] IV lo= P ¥ 6.2
or, in other words,
1* — P < 1__£P 1¥*lc for P=n|E+T|IR|<1 (4.3)

From (3.7) and (3.10) we obtain

1
1= ey U (KY* — ky?)

which, together with (4.3), gives the following estimate

Lol n-+plk]
[ ht B 1—p

Jea| << 1%* |, (4.4)

Let us now estimate the norms of the operators appearing in the above relations.
Using (2.8), we can write

f&)—f(=) _at

t—z w(l)

1
Ri = (— 0" 2P B (@)1 (2) — 7 |
=1

from which,

lIRfIIC<Amax|f(z)|+Bsup'_/£)_::_f(L)|

e S max{A B ()l

b t—z|*1
A=2"max | P,*B)(z), B =—|?t—[max 5 J'Tv# dt, |R|< max {4, B} 4.5
—1
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follows. Further |E + I'||< 1 + T}, and it can be shown, that

i

ITh=max { jv(@ nw @] a (4.6)
-1
Let us introduce the following notation
k(z,) — K(z, ) =8 (z, ) € H (u, V)
then,
18 (2, t)ig =max |8 (z, 1)] + maxsup, , |8 (xl, :) ——y ? ;fy’ 2l
o (4.7)
[8(x, ) —8(=z, s)|
-+ max sup, , sy
and, for any function Y & C
15% — Kllg < Mp (@)1 6 (=, D)y
1 1
M — | — v 1 .l
max {i |w(t)dt, max _Sl je=s T v (0 e}
Hence, in {4.1) we can put
n=M|8 (z, )|y (4.8)
Analogously
1K1 M1k (2, g (69)
Finally, we shall give the estimate for the norm of the functional U, which is
1
» 1 e *
171 < max {l ko™ P |, max 5 ]|w(:)‘|' d’} (4.10)

3. Let us now take a part of the series of Jacobi polynomials of the function % {x, #},
as K (s, t)

P B ()

< 1
k(z, t) ~ > Ny (t) P B (a), Ny ()= W S klz, ) =@y %
k=0 *
(k=0,1,2,...)
From (3.13) we obtain
1))‘4« 9% § xg . -8) (x) Pl ®
Ok =" (~x, -B) (-‘1» ~-B) R (=, t) w (x) k+x (t)w(t)dzdt
. - 5.1)
(-ﬂ ~-8)
by = (a,_g) S S (1',‘) w () P @) Rf(Yw(t)dzdt (i, k=—x, —%n-+1,...,n)

If a is a real number and b an imaginary number, then in {1.3) we have p = 1. Conse~
guently, & and 3 are real, and w () is positive. In this case all the roots of the polynomials
P{®B)(z), and P P)z) are real, simple and lie on the interval (~1, +1), hence the
Gauss — Jacobi fonnula (6] can be used in calculating the integrals (5.1).
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